Using deterministic decisions for low-entropy bits
in the encoding and decoding of polar codes
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Abstract— We show how to replace some of the randomized
decisions in the encoding and decoding of polar codes by
deterministic decisions. Specifically, we prove that random
decisions on low-entropy bits may be replaced by an argmax
decision without any loss of performance. We illustrate the
usefulness of this result in the case of polar coding for the
Wyner-Ziv problem and for channel coding.

I. INTRODUCTION

Although polar codes possess low-complexity encoders
and decoders, their operation often requires the use of many
bits of shared randomness [1]. In the following, we show how
to further simplify their implementation by using determin-
istic decisions in place of the random decisions for the low-
entropy bits in the encoding and decoding. Intuitively, the
random choice of low-entropy bits is heavily biased so that
a deterministic decision, e.g., an argmax rule, should have
little impact on their performance. In fact, Arikan already
proved this intuition correct for lossless source coding [2].
However, as further discussed in the next section, the proof
technique does not directly extend to more advanced settings.

The remainder of the paper is organized as follows.
Section [II| sets the notation for the paper and reformulates
Arikan’s result for lossless source coding. Our main technical
contribution is Lemma 2] in Section which develops a
general proof technique for studying the argmax decision
for low-entropy bits in polar coding schemes, Section
and Section apply this result to Wyner-Ziv coding and
channel coding, respectively. Section [V] concludes the paper
with a discussion of the significance of the results.

II. ARGMAX DECISION FOR LOSSLESS SOURCE CODING

In the following, we consider a binary alphabet X £
{0,1} and a countable alphabet ). For n € N, we let

Qn
G, = “ ﬂ be the source polarization transform defined

in [2]. We also define N 2 2" and for 8 < 1/2, 6y 2 2=N".
For two distributions px, px-, over the same finite alpha-
bet, we note

V(px,px:) = Z|px(5€) — px (@)
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the variational distance between px and px.. We note D(+||-)
the divergence between two distributions. For two joint
distributions pxy and gxy over the same finite alphabets,
we denote the conditional divergence w.r.t. px [3], by

pY\X(ZU|37)

D(pyxllavixlpx) £ Y pyx(y,z)lo '
(vixllavixlpx) £ 3 pvx(y,@)lo” = e rs

T,y
We denote the indicator function by 1{w}, which is equal
to 1 if the predicate w is true and O otherwise.

We define the integer interval [[a,b] as the set of integers
between |a| and [b]. We indicate the length of vector
with superscript; for instance, X N is a vector with N
component. For any set A C [1, N], we denote by XV[A]
the components of XV whose indices are in A. We also
define the constant v £ \/2Tog 2.

Consider a Discrete Memoryless Source (DMS)
(X x Y, gxvy). Lossless source coding with side information
consists in forming a compressed version M of X, such
that a decoder is able to reconstruct X~ from (YV M)
with vanishing error probability in the limit of large N.

Define UN £ XN, whose probability distribution is
denoted by gy~ and the set

Hxy £{i € [L,N]: HUJU'YN) > 65} .
Let UV be defined by v 2 [, Py, jvi-1, with

~ iy o J U =0 i e Hyy
pUﬂUg—l(U_]'u ) - 1 {aj _ u*} lfj c HC | )
7 XY

(D

* A ) Nzj—1
where u* = argmax,, qu,jy~yi-1 (u[Y w7,

Encoding and decoding are performed as follows.

o Encoding: Form U” from X and return UV [H x|y)-

o Decoding: From (UN [H xy], V) form UN as in (T).

In other words, U is constructed from the “high-entropy”
bits UN[H y|y] and by deterministically choosing the re-
maining “low-entropy” bits U™N| §(|Y] with an argmax
decision. B

Theorem 1 (Adapted from [2]): Assume that U~ and UV
are drawn from gy~ and pyw~. Then, the encoding rate is
asymptotically optimal, i.e.,

lim [Hxy|/N=HX[Y).
N—o0

With high probability, UV and UY are identical, i.c.,
P[UN # UN] < Noy.



The proof technique used in [2], [4] relies on Bhat-
tacharyya parameters. Specifically, it exploits the fact that
UNH x|y] is distributed according to ¢, based on which
the set H x|y is defined. Unfortunately, this technique does
not seem to extend directly to more advanced settings,
specifically those for which the encoder uses a random
variable whose distribution only approximates the original
distribution ¢, as is the case in Sections

Remark 1: Define the set

Vxy £2{i € [LLN]: HUJU'YN) >1—-46n}.

Although Vx|y C ’Hx‘y and |Vx|y\7'[x|y|= O(N) by [5,
Lemma 1], the decoder will fail if it only has access to
(UNWxy], YY) instead of (UN[Hx)y],Y™). Indeed, if
the decoder succeeds then, X can be lossessly compressed,
and its compressed version U™ [Vx|y] is nearly uniform in
variational distance (see [5] for a proof), which is impossible
by [6].

III. ARGMAX DECISION FOR WYNER-ZIV CODING

Wyner-Ziv coding for a DMS (X X ), ¢xy) consists in
compressing XV into a message M, such that a decoder
is able to reconstruct X within a given distortion D from
Y™ and M in the limit of large N. The smallest required
message rate is known and completely characterized by the
following result.

Theorem 2 ([7]): Consider a DMS (X xY,qxy), a re-
construction alphabet ), and a distortion measure d : X x
V — R*. The rate-distortion function for Wyner-Ziv coding
is given by

R(D) = min I(X;V|Y).
avix,f+ E[d(X,f(V,Y)]<D
We note that a Wyner-Ziv polar coding scheme for binary

symmetric and additive sources has already been proposed
in [8], for which the symmetry assumption removes the need
for common randomness. Polar coding schemes for lossy
source coding have also been developed in [1], [8] assuming
encoder and decoder share common randomness. We develop
next a polar coding scheme that results in significant savings
of common randomness.

A. Proposed coding scheme

Consider a DMS (X x Y X V,gxyv) such that V—X-Y
forms a Markov chain and (qv|x, f) achieves R(D) defined
in Theorem [2| Define UY £ VNG,,, as well as the sets

Hy 2 {ie[1,N]: HU;|U"™") > 6n},

Hypy 2 {i € [LN]: HUJUT'YY) > éx},

Hyix £{i € [L,N]: HUJU'XN) > én},

Vvix £2{i € [L,N]: HUJU ' XN)>1-06n}.
Assume that encoder and decoder share a sequence C* of
|Vv|x| uniform bits. We show later that C* may be reused
over several encoding blocks so that the rate of shared

randomness vanishes with the blocklength. Our proposed
scheme for Wyner-Ziv coding is then the following.

Encoding. From X N and C*, form UN defined by the

N

joint distribution pynxn £ (HﬁUjUJ‘IXN> qx~
with =
ﬁUj|UJ‘—1XN(Uj|Uj_1fUN)

qu, v x~ (ujlu? ) if j€ Hy\Vy|x
2 Jifu;=C3} if j € Vyix

1{u; =argmax QUj‘Uj—l(u|uj71)} if 7€ H,

' @)

where the components of C* have been indexed by the
set of indices Vy|x.

Return ﬁN[’Hv|y\VV‘X].

Decoding. Form an estimate g N of UN from
(UNHv iy \Vvx], C* YY) = (UN[Hyy], YY) us-
ing the successive cancellation decoder for lossless
source coding described in Section

Note that Theorem [I] does not guarantee decoding success
because UV [Hy|y] does not necessarily have the same
distribution as U [Hv|y]. Consequently, the properties of

Hy |y that hold for U™ do not necessarily hold for UN.

B. Scheme analysis and result

Consider the random variable UN that would be obtained
in place of UY when using randomized encoding in place

is defined by

of the argmax decision. Specifically, U
= A N .
PuNnxN = (Hi:lpUj‘Uj_lxN) qx N with

Pu, i xw (ujlu? " ta™)
quyjui-rxw (uglu? = taN) if § € Hy\Vy x

29 Hu,;=Cr} if j € Vy|x (3)
qu|U,-71(uj|u3*1) lfj S ’Hf/

Define VN £ UNGn.

Lemma 1: The distribution py vy~ is nearly indistin-
guishable from the distribution gy ~ x~, in the sense that

V(QVNXN,ﬁ\/NxN) g 55\})5

where 0\ £ ~/Néy.
Proof: We have

D(qy~ x~ [Py~ xn)

(a) _
= D(qu~x~ [Py~ xv)

(b) _
= D(qu~ | x~ [Py~ xvlgx~)

N

(9 _
= D(qu, s x5 P, o1 xv [aws-1x0v)
j=1




(d) _
= D(qu,jvs-1x~ [P, jvi-1 x~ |qui-1x~)
J

JEHS Uy x
93 (- HE v xY))
JEVV|x
+ > (HU; U - H(U U X))
JEHS,
< | WVvix|on + [Hy lon
< N§N7

where (a) holds by invertibility of G,,, (b) and (c) hold by
the chain rule for divergence [3], (d) and (e) hold by (3).
The result follows by Pinsker’s inequality. [ ]

Lemma 2: Let UN and U be drawn from py~y and
Py, defined in @) and (3), respectively, and let VN £
UNG,,. Then, px~y~ is asymptotically close to qy~y~
and Py ~y ~, in the sense that

V(px~y~,Dxnyn)

<
V(ﬁXNVNvQXNVN)g (1) 5(2)

with 5(2) N\/(S —1—25(1)( logéj(\})), and (55\}) as in

Lemma IIl NN

Proof: Define a couplmg PeNpN gy for (X, V )
and (XN, V) such that TV [Hy] = UN[Hy] and X =
XN = XN . Then, we have

V(pyw~x~:Punx)
[T, X") (O, XY)]
Cp [T £ 0V]
=P [UNl{U £ U}}

< ZP {Ui LT = ﬁzﬂ
=1

© S p [Ui £UU " = 17”—1]
iEHS
—Epia | > P [UZ- £UT 7 = ﬁH]
iEHS
=Epia | Y (1 > o (WU
= i

x1{u; = arg max qp,|yi— (u|U%1)})]

9| 5 (-

iEHS,
= > By [1-qupe @07 )
T U;|Ui—1(U;
iEHS
where (a) follows from the coupling Lemma, (b) holds by

definition of the coupling p, (c) holds since UN[HV] =
UN[Hy], (d) holds if we define u} = argmax,, q(ulu’~!).

Next, for i € H{, and N large enough, we have

[HEU - HUTT)|
< | - m@ |+ | - meo
(b) oN

< 2V(pyi-1, qui-1) log Voo que)

(c)
< 20 (N —1og 6)), ©)

where (a) holds by the triangle inequality, (b) follows
from [9, Lemma 2.7] and because V(qy,|yi-1pyi-1, qui) =
V(pyi-1,qui-1), (c) holds by LemmalI|because x - x log x
is decreasing for x > 0 small enough.

For any ¢ € H{,, we have

264 (N — log 63)) + 6
) .
25(1)(N —log 51(\})) + H(U;|U™)
—i—1
H(U|U )
w7i—1 w7701
= Eﬁq‘,—l |:—Q(Ui ‘U ) IOg Q(ui |U )

1

~(1 = g [T ) og(1 ~ a(ui [T )]

Eger [~ = ([0 ) log(1 = q(u[T" )],
Eyies [ (1 - q(uf T )]

(g [0 = aturi 7)) ©

where (a) holds because i € H, (b) holds by (3)), (c) holds
because Vz € [0,1/2[,log(x) < —z and q(u}|u’~ 1) > 1/2,
(d) follows by Jensen’s inequality.

Finally, combining (@) and (6) we obtain

WV

Ve

WA

V Py~ x~,Punxv)

< Z \/255\})(N - 10g5§\})) +on
=

< N\/ 260 (N

—log8'\V) + b 7)
Also,

V((JVNXNABVNXN)

(a) ~
= V(QUNXvaUNXN)

(b) _
< Vigun xn, pynvxn) + V(Py~ xn, Dun x~)
(c)

<6y +60,
where (a) holds by invertibility of G,,, (b) holds by the
triangle inequality, (¢) holds by Lemma [1] and (7). ]

We are now ready to prove that the coding scheme of
Section [[TI-A] is successful and optimal.

Theorem 3: Assume that UY and UV are obtamed from
the encoding decoding scheme of Section

(i) UN and UV are identical with high probability, ie.,

PN £ UN] <6y,



where 3% 2 64 + 6% + Now with 6§ and 6% as
in Lemma [I] and Lemma 2]
(ii) The distortion constraint is satisfied, i.e.,

N
1 - 4
with VN 2 TNG, and 6 2 doax (5 + 60 +69)).
(iii) The encoding rate is optimal, i.e.,

. Hyy\Vyix| _
R - N X vIY)

(iv) Encoder and decoder may reuse the common random-
ness C* over k blocks of size N. Hence, the rate of
common randomness is H (V| X)/k, which vanishes as
k goes to infinity.

Proof: We prove the statements in order.
(4): Consider an optimal coupling [8], [10] between py~
and gy~ such that P[€] = V(pyw~, qun ), where £ = {UN #

U™N}. We then have

P[UN # UV

W pgN £ TN |EP[E] + POV # UV |€9PE

< PIE] + PUN # UV |E]

& V(Fyn, qun) + POV # TN

(2 V(py~,qun) + Non

50 62 1 N, ®)

where (a) holds by the law of total probability, (b) holds
by optimal coupling, (c) holds by Theorem |} (d) holds by
Lemma

(4): First, note that

V(gxvy~yn, PxnyNyN)

= V(qy~|xNqxXNyN, @y N | XNDXNYN)

= V(gx~yn,pynxn) 9
where the first equality holds because V — X — Y, VN isa

function of X, py~|x~ = gy~ x~. We then upper-bound
the average distortion as follows.

1 & N
Ej [NZd<Xi,f<vi,Yi)

=1

< Ep

N
1 ~ ~ ~ ~ ~
T2 AN F Vi V) [VN=V | dma PV V]
i=1

N
(@) 1 N (T 7N L [N
= E; [N_Zldoc SV YD) |+ dunPIOY # U]

<E,

1 N
P2

+ dmax(V(gx vy vy, Pxaynyn ) + POY £ UV)

(t) N o
< D+ dumax(V(gxnynyn, pxvynyn) + PUN # UN])

(é) D + dmax(V(QXNVN,ﬁXNVN) + ]P)[UN 7& ﬁN])

(d)
< D+ duax(263) + 205 + Now),

where (a) holds by invertibility of G,,, (b) holds by definition
of ¢, chosen to achieve R(D) in Theorem [2} (c) holds by
©). (d) holds by (8) and Lemma 2}

(iii): We have Vyx C Hy|x C Hy|y, where the last
inclusion holds because V' — X — Y. Hence,

lim [Hyy \Vvx|/N
N—o00
= i N — 1l N
Ngnoo ‘HV|Y‘/ Ngnoo |VV|X|/
< HVIY) - H(V|X)
21V,
where (a) holds by Theorem (1| and [5, Lemma 1], (b) holds
because V — X —Y.

(iv): Assume that the scheme of Section [III-Alis repeated
over k blocks of size N with the same shared random-
ness C*. The overall rate of common randomness is then
|C*|/ Nk, which vanishes as N and k go to infinity. We
now justify that statements (¢) — (i4¢) remain asymptotically
valid. Statement () becomes

k—1
PIO*N £ TV < 3 POV # TN < ko
=0

Then, similar to [11], one can show the following lemma.
Lemma 3 (Adapted from [11, Lemma 8]): We have

V(gxrnyrnyen, Dxenyenyen ) < ko,

where 6% = 0(27 V"), a < S.
Hence, using Lemma [3| and similar to the proof of (i%), we
obtain for k fixed

kN
, 1 %
aim B | o Z;d(me(Vi,Yi) < D.

Finally, note that the encoding rate when using k blocks
remains optimal. [ ]

IV. ARGMAX DECISION FOR CHANNEL CODING

Polar coding for symmetric channels has been introduced
in [4], and has subsequently be extended to asymmetric
channel without alphabet extension assuming that encoder
and decoder share common randomness [1], or with a
chaining technique [12, Section V]. We develop next a polar
coding scheme that results in significant savings of common
randomness compared to [1] and that also recovers some
statements made in [12, Section V] for polar coding.

A. Proposed coding scheme

Consider a discrete memoryless channel (X, qy X Y) and
the probability distribution gy £ argmax I(X;Y’). Assume
Px



that XV is distributed according to gy~. Define UN £
XNG,, as well as the sets

Vx £{ie[1,N]:
Hx £ {ie[1,N]:
Vxjy £{i€[1,N]:
Hxy £ {ie[1,N]:

HU; U™ >1—-6n},
H(U;|U™) > 6n},
HUJUTYN) > 1—6n},
H(U;|U'YN) > 6n ).

Assume that encoder and decoder share a sequence C* of
|Vx|y| uniform bits. We show later that C* may be reused
over several encoding blocks so that the rate of shared
randomness vanishes with the blocklength. Our proposed
scheme for channel coding is then the following.

Encoding. From message M, a sequence of uniformly
distributed bits, and C*, form UY defined by the
N

distribution py~ £ H pu;|jvi-1 with
i=1
pujvi-1 (il ™)
1{u; = M;}
1{Uj:C;} - if j€ Vx|y
qu,jvi—(ulu? ) if j€ VS \HS
]l{uj:argmaquﬂUjfl(u\uJ*l)} if je H,
u

(10)

if je Vx\VX‘y

where the components of C* and M have been indexed
by the set of indices Vx|y and Vx\Vx|y, respectively.

Send XN £ UNG, over the channel gy|x and
assume that

F£ ﬁN['wa\wa]

is available at the decodef?

Decoding. Form an estimate UY of UV from
(F,C*,YN) = (UN[Hyy], YY) using the succes-
sive cancellation decoder for lossless source coding
described in Section

“See Remark

Remark 2: Assume that the encoding and decoding pro-
cess is repeated over k block. The randomness C* and the
vectors F’s for the k blocks can be send to the decoder with
non-optimal transmission rate by means of a polar code for
symmetric channel. Moreover, the rate of this transmission
is negligible compared to the overall message rate, as it can
be upper-bounded by

0 <k|HXY\VX|Y|+|C*|>

kN
Hx iy =Vxivl  [Vxvl
<
\O< N TN
k
k— oo 0,

where we have used Vx|y C Hx)y, and [5, Lemma 1] and
Theorem [I] for the limits.
_Remark 3: By analogy with Remark 1} the vector F =
UN[H x|y \Vx|y] needs to be known at the decoder. More-
over, we keep a randomized decision rule for the indices in
V¢ \HS for the proof of Lemma [5] Note that |V \H|=
o(N) by Remark [1}
B. Scheme analysis and result

Consider the random variable UN that would be obtained
in place of U"Y when using randomized encoding in place of
the argmax decision. Specifically, U  is defined by py~ =
[, Pu,jps-1 with

Py, i1 (wgu? ™)

]l{Uj:Mj} lij VX\VX\Y
]I{Uj:C;} . lfje Vx‘y

qu, -1 (ul? =) if jE Vg,

(1)

where the components of C* and M have been indexed by
the set of indices Vx|y and Hx\Vx|y, respectively. Define

—N A =N
X 22U G,.

Lemma 4: The distribution pyn~ is nearly indistinguish-
able from the distribution gx~, in the sense that

V(gxn,pxn) < 63 with 68 2 41/ Néy.
Proof: We have

D(gx~||px~)
(a) _
= D(QUNHPUN)

N
® —
= ZD(QUHUJ'“HpUj\UJ'*1|QUJ'*1)

j=1
@S Dlqu, 05 P, - a1 )
JEVX
9N a-HGTY)
JEVX
< |Vx|on
< Niéy,

where (a) holds by invertibility of G, (b) holds by the
chain rule for divergence [3], (¢) and (d) hold by and
uniformity of C* and M. The result follows by Pinsker’s
inequality. [ ]

We can then reuse the proof of Lemma [2| to obtain the
following.

Lemma 5: Let UN and U be drawn from py~ and
Pun, defined in (I0) and (TI), respectively. Then, px~ is
asymptotically close to ¢x~ and Dy, in the sense that

V(px~, Dy ) <00,
V(pxn, axn) <0 + 63,

with 6 2 N\/(SN +20\0(N —10g6\), and 6% as in
Lemma [l



We now prove that the coding scheme of Section [[V-A]is
successful and optimal. _ R

Theorem 4: Assume that UY and UV are obtained from
the encoding decoding scheme of Section

(i) UN and UV are identical with high probability,, i.e.,
PIXY # XN =P[O # 0V < 0¥,

where 5](3) £ 55\}) + 6§3) + Ny with 5](\}) and 6§3) as

in Lemma ] and Lemma

(i) The encoding rate is optimal, i.e.,

. IVx\Vxyl )
Jim S = 1)

(iii)) Encoder and decoder may reuse the common random-
ness C* over k blocks of size N. Hence, the rate of
common randomness is H (X |Y)/k and vanishes as k
goes to infinity. Moreover, the additional transmission
rate of the vectors F’s is negligible compared to the
overall message transmission rate.

Proof: The proof of (i) is identical to the one of (i)
in Theorem [3} The proof of (ii) follows from [5, Lemma
1] and Vx C Vx|y. Finally, (i) follows from Remark
moreover, Statements (i) and (i) clearly remain valid. H

V. DISCUSSION

We conclude the paper with a discussion of the sig-
nificance of the result. First, note that the benefit of a
deterministic decision is twofold: it avoids the sharing of
random numbers between the encoder and the decoder, and
it removes the need to draw sequences according to specific
distributions. In the case of Wyner-Ziv coding, this avoids
|#{;| random decisions, which is O(N) and is thus non-
negligible; similarly, for channel coding, it avoids |HS|
random decisions. Second, our result also clarifies when one
may use an argmax decision in the encoding and decoding
of polar codes. While earlier works have used this rule,

no formal justification had been provided to the best of
our knowledge. However, whether the random choice of the
bits C* in or may be replaced by a deterministic
one remains an open question. Finally, we point out that
the technique used in Sections and is general
and could be applied to more complicated models, e.g., the
wiretap channel [13], without much difficulty.
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